We provide a formula for the n th term of the k-generalized Fibonaccilike number sequence using the k-generalized Fibonacci number or knacci number, and by utilizing the newly derived formula, we show that the limit of the ratio of successive terms of the sequence tends to a root of the equation x+x −k = 2. We then extend our results to k-generalized Horadam (kGH) and k-generalized Horadam-like (kGHL) numbers. In dealing with the limit of the ratio of successive terms of kGH and kGHL, a lemma due to Z. Wu and H. Zhang [8] shall be employed. Finally, we remark that an analogue result for k-periodic k-nary Fibonacci sequence can also be derived.
Introduction
A well-known recurrence sequence of order two is the widely studied Fibonacci sequence {F n } ∞ n=1 , which is defined recursively by the recurrence relation F 1 = F 2 = 1, F n+1 = F n + F n−1 (n ≥ 1).
(
Here, it is conventional to define F 0 = 0. In the past decades, many authors have extensively studied the Fibonacci sequence and its various generalizations (cf. [2, 3, 4, 6, 7] ). We want to contribute more in this topic, so we present our results on the k-generalized Fibonacci numbers or k-nacci numbers and of its some generalizations. In particular, we derive a formula for the k-generalized Fibonacci-like sequence using k-nacci numbers.
Our work is motivated by the following statement: Consider the set of sequences satisfying the relation S n = S n−1 + S n−2 . Since the sequence {S n } is closed under term-wise addition (resp. multiplication) by a constant, it can be viewed as a vector space. Any such sequence is uniquely determined by a choice of two elements, so the vector space is two-dimensional. If we denote such sequence as (S 0 , S 1 ), then the Fibonacci sequence F n = (0, 1) and the shifted Fibonacci sequence F n−1 = (1, 0) are seen to form a canonical basis for this space, yielding the identity:
S n = S 1 F n + S 0 F n−1 (2) for all such sequences {S n }. For example, if S is the Lucas sequence 2, 1, 3, 4, 7, . . ., then we obtain S n : = L n = 2F n−1 + F n . One of our goals in this paper is to find an analogous result of the equation (2) for k-generalized Fibonacci numbers. The result is significant because it provides an explicit formula for the n th term of a k-nacci-like (resp. kgeneralized Horadam and k-generalized Horadam-like) sequences without the need of solving a system of equations. By utilizing the formula, we also show that the limit of the ratio of successive terms of a k-nacci sequence tends to a root of the equation x + x −k = 2. We then extend our results to k-generalized Horadam and k-generalized Horadam-like sequences. We also remark that an analogue result for k-periodic k-nary Fibonacci sequences can be derived.
Fibonacci-like sequences of higher order
We start off this section with the following definition. Definition 2.1. Let n ∈ N ∪ {0} and k ∈ N\{1}. Consider the sequences {F
having the following properties:
and
n satisfying (3) and (4) are called the n th k-generalized Fibonacci number or n th k-step Fibonacci number (cf. [7] ), and n th k-generalized Fibonacci-like number, respectively. 
By considering the sequences {F
we obtain the following relation.
n be the n th k-generalized Fibonacci and kgeneralized Fibonacci-like numbers, respectively. Then, for all natural numbers n ≥ k,
Proof. We prove this using induction on n. Let k be fixed. Equation (5) is obviously valid for n < k. Now, suppose (5) is true for n ≥ r ≥ k where r ∈ N. Then, n explicitly in terms of n as follows:
n explicitly in terms of n. More precisely, we have
Extending to Horadam numbers
In 1965, A. F. Horadam [5] defined a second-order linear recurrence sequence {W n (a, b; p, q)} ∞ n=0 , or simply {W n } ∞ n=0 by the recurrence relation
The sequence generated is called the Horadam's sequence which can be viewed easily as a certain generalization of {F n }. The n th Horadam number W n with initial conditions W 0 = 0 and W 1 = 1 can be represented by the following Binet's formula:
where α and β are the roots of the quadratic equation x 2 − px − q = 0, i.e. α = (p+ p 2 + 4q)/2 and β = (p− p 2 + 4q). We extend this definition to the concept of k-generalized Fibonacci sequence and we define the k-generalized Horadam (resp. Horadam-like) sequence as follows:
, is a sequence whose n th term is obtained by the recurrence relation
, has the same recurrence relation given by equation (6) but with initial conditions V (k) i = a i for all 0 ≤ i ≤ k − 1 where a i s ∈ N ∪ {0} with at least one of them is not zero.
It is easy to see that when
n . Using Definition 2.4 we obtain the following relation, which is an analogue of equation (5).
be the n th k-generalized Horadam and n th k-generalized Horadam-like numbers, respectively. Then, for all n ≥ k,
Proof. The proof uses mathematical induction and is similar to the proof of Theorem 2.2.
Convergence properties
In the succeeding discussions, we present the convergence properties of the sequences {F
, and {V
This constant is the unique positive real root of x k − x k−1 − · · · − 1 = 0 and can also be obtained by solving the zero of the polynomial x k (2 − x) − 1. Using this result, we obtain the following:
where α the unique positive root of
n−1 ) as n → ∞ we need the following results due to Wu and Zhang [8] . Here, it is assumed that the q i s satisfy the inequality q i ≥ q j ≥ 1 for all j ≥ i, where
Lemma 2.7.
[8] Let q 1 , q 2 , . . . , q k be positive integers with q 1 ≥ q 2 ≥ · · · ≥ q k ≥ 1 and k ∈ N\{1}. Then, the polynomial
(i) has exactly one positive real zero α with q 1 < α < q 1 + 1; and (ii) its other k − 1 zeros lie within the unit circle in the complex plane.
Lemma 2.8.
[8] Let k ≥ 2 and let {u n } ∞ n=0 be an integer sequence satisfying the recurrence relation given by
where q 1 , q 2 , . . . , q k ∈ N with initial conditions u i ∈ N ∪ {0} for 0 ≤ i < k and at least one of them is not zero. Then, a formula for u n may be given by
where c > 0, d > 1, and q 1 < α < q 1 + 1 is the positive real zero of f (x).
We now have the following results.
Theorem 2.9. Let {U n } ∞ n=0 be the integer sequence satisfying the recurrence relation (6) with initial conditions U
where c > 0, d > 1, and α ∈ (q 1 , q 1 + 1) is the positive real zero of f (x).
Proof. Equation (12) follows directly from Lemmas 2.7 and 2.8. To obtain (13), we simply use (12) and take the limit of the ratio U
n−1 as n → ∞; that is, we have the following manipulation:
Consequently, we have the following corollary. = a i for all 0 ≤ i ≤ k−1 where a i s ∈ N∪{0} with atleast one of them is not zero. Furthermore, assume that
where q 1 < α < q 1 + 1 is the positive real zero of f (x).
Proof. The proof uses Theorem 2.5 and the arguments used are similar to the proof of Theorem 2.6. n−1 = α, where 1 < α < 2. Indeed, the limit of the ratio r is 2 as n increases.
k-Periodic Fibonacci Sequences
In [3] , M. Edson and O. Yayenie gave a generalization of Fibonacci sequence. They called it generalized Fibonacci sequence {F (a,b) n } ∞ n=0 which they defined it by using a non-linear recurrence relation depending on two real parameters (a, b). The sequence is defined recursively as
This generalization has its own Binet-like formula and satisfies identities that are analogous to the identities satisfied by the classical Fibonacci sequence (see [3] ). A further generalization of this sequence, which is called k-periodic Fibonacci sequence has been presented by M. Edson, S. Lewis, and O. Yayenie in [4] . A related result concerning to two-periodic ternary sequence is presented in [1] by M. Alp, N. Irmak and L. Szalay. We expect that analogous results of (5), (7), and (12) can easily be found for these generalizations of Fibonacci sequence. For instance, if we alter the starting values of (15), say we start at two numbers A and B and preserve the recurrence relation in (15), then we obtain a sequence that we may call 2-periodic Fibonacci-like sequence, which is defined as follows:
The first few terms of {F 
Suprisingly, by looking at the table above, G be the n th terms of the sequences defined in (15) and (16), respectively. Then, for all n ∈ N, the following formula holds
Proof. The proof is by induction on n. Evidently, the formula holds for n = 0, 1, 2. We suppose that the formula also holds for some n ≥ 2. Hence, we have
Suppose that n is even. (The case when n is odd can be proven similarly.) So we have
proving the theorem.
The sequence {G 
Notice that by simply comparing the two identities (17) and (18), we see that
The convergence property of {F
has also been discussed in ([3], Remark 2). It was shown that, for a = b, we have
Using (17) and (19), we can also determine the limit of the sequence {G n+1 /G (a,b) n } as n tends to infinity, and for a = b, as follows:
For the case a = b, the ratio of successive terms of {F (a,b) n } does not converge. However, it is easy to see that
where α = (ab + √ a 2 b 2 + 4ab)/2 (cf. [3] ). Knowing all these limits, we can investigate the convergence property of the sequences {G
Similarly, it can be shown that G
The recurrence relations discussed above can easily be extended into subscripts with real numbers. For instance, consider the piecewise defined function G (a,b)
Obviously, the properties of (16) will be inherited by (20). For example, suppose G (n ≥ k)
and the sequence {G 
where (k; j) : = (a j+1 , a j+2 , . . . , a k , a 1 , a 2 , . . . , a j ), j = 0, 1, . . . , k −1. This result can be proven by mathematical induction and we leave this to the interested reader.
